ABSTRACT. We characterize all closed subspaces of finite codimension in some specific types of function algebras e.g. these include C(X): algebra of continous functions on a compact Hausdorff space, Cn [a, b]: the algebra of n-times continuously differentiable functions on the closed interval [a, b]. Our work is a generalization of the well-known Gleason-Kahane-Zelazko theorem [3, 6] for subspaces of codimension one in arbitrary unitary Banach algebras.
Introduction.
In [5] , K. Jarosz settled a conjecture of Warner and Whitley [10] by proving the following: Let S be a compact Hausdorff space such that each point of S is a G^-set and M be a closed subspace of finite codimension in C(S), the algebra of continuous functions on S with the sup norm. Let k be any positive integer. Suppose that for every / in M, / has a least k distinct zeroes in S. Then there exist k distinct points 8%, s2,..., Sk in S such that for every / in M; f(si) = f(s2) = ---= f(sk)=0.
In this paper, we generalize this theorem as follows. THEOREM 3.1. Let X be a compact Hausdorff space and M be a closed subspace of finite codimension in C(X) such that for every f in M, f(x) = 0 for some x in X. Then (a) There exists an xn in X such that /(xn) -0 for every f in M; (b) there exists finitely many points n, x2,..., xk such that f(xj) = 0 for 1 < j < k and these are the only common zeroes of M in the following sense: If C is any compact Gg-set containing Xi,x2,... ,Xk, then there exists an f in M such that f(x) t¿ 0 for every x in X\C'. Also, in this paper, we prove the polynomial lemma.
LEMMA l. I. Let K be any closed subset of the complex plane such that K° -0.
Let pj, 1 < j < k, be nonconstant polynomials of one complex variable z. Further assume Yli=i wjPj has a zero in K for any given complex numbers Wj, 1 < j < k. Then there exists a zn. m K such that Pj(zq) = 0 for 1 < j < k. This is a generalization of a lemma in [5] and this allows us to obtain theorems of type 3.1 for algebras Cn[a,b], £1(R.) as well as C(X). Recently C. P. Chen and P. J. Cohen [2] have proved that conclusions of Theorem 3.1 hold for selfadjoint regular n-point spectral Banach algebras. These include C(X) [5] and also Ll(G) where G is any locally compact metrizable abelian group. Thus this solves both conjectures of Warner and Whitley [10] . But [2 and 5] do not cover algebras of type Cn [a, b] , because these are not spectral. One of us in [8] has removed the condition of spectrality in the Chen and Cohen theorem, which then applies to algebras of n-times continuously differentiable functions. The results in this paper have some overlap with results from [2, 5 and 8] , but the method given here is different and more direct. Further, our results apply to a more general class of algebras e.g., Fréchet algebras. For related results, refer to [1, 3, 6 and 9].
1. Proof of the polynomial Lemma 1.1 (as stated in the introduction).
Suppose that Pj(z), 1 < j < k, have no common zeroes in K. If po(z) is the greatest common divisor of pj, 1 < j < k; by our supposition, p0 does not vanish on K. Thus replacing pj by Pj/po, we can assume that any complex linear combination of pj has a zero in K but {p3} do not have a common zero in the complex plane.
Let P(z,w) = Yli=iwjPj(z) where w denotes the k tuple (wi, w2,..., Wk); R denotes the polynomial ring over C in k indeterminates w\, w2,..., Wk', Q be the quotient field of i?; and R[z], Q[z] be the polynomial rings in one indeterminate z over the rings R and Q respectively.
We claim that P(z,w) is irreducible in the ring R[z]. If not, there exist polynomials ?i(z, w), P2(z,w) nonconstant and belonging to R[z] so that P(z,w) -Pi(z,w)P2(z,w).
We can write
where wj = w{yw322 ■ ■ ■ wkk, j is the multi-index (ji,J2,---,jk), \j\ = Ea=iÍa, Pi,j(z) is a polynomial in z with constant coefficients for i = 1,2. Thus we consider Pi(z, w) as polynomials in w over the integral domain C[z], Since P(z, w) is a linear polynomial in Wj\ we see that at least one of Pi, P2 must be independent of w. Let us assume Pi to be independent of w and P2 to be linear in w.
Let Pi(z) = Pi(z,w). Thus Pj(z) = Pi(z) ■ p2,j(z), 1 < j < k, that is, Pj(z) have a common divisor Pi(z). By our assumption, they do not have any common divisor except constants and on the other hand P\(z) = Pi(z,w) is nonconstant, which is a contradicition.
Hence P(z,w) is irreducible. Also, P(z, w) is primitive as a polynomial over R by the same reasoning.
We now show that P(z, w) is irreducible in the ring Q[z]. If not, then P(z,w) = Pi(z,w)P2(z,w)
where Pi, P2 are nonconstant polynomials in z with coefficients in Q. Since R is a unique factorization domain [11, 2. Applications. THEOREM 2.1. Let K be a closed subset of C such that K° = 0. Let A be an algebra of functions on K provided with a locally convex Hausdorff topological vector space structure in which evaluation at any point in K is continuous on A. Suppose that M is a subspace of A and P is the algebra of polynomials in z. If for every f in M, there exists a z in K such that f(z) = 0 and P 7\ M is dense in M; then the set Z of common zeroes of M is finite and nonempty, and there exists an f in M such that / ^¿ 0 on K\Z.
PROOF. By our assumptions and the polynomial lemma, we obtain that functions in P D M have at least one common zero. Since point evaluations are continuous and P n M is dense in M, all functions in M have at least one common zero.
So the set Z of common zeroes of M is finite and nonempty. Further, by Corollary 1.2, there exists a p in P n M such that p ^ 0 on K \ Z.
Q.E.D.
, a closed interval in the real line, and Cn(K) be the algebra of n-times continuously differentiable functions with the standard Banach algebra structure. Suppose M is a closed subspace of Cn(K) of finite codimension. Then the set Z of all common zeroes of M is finite (possibily empty) and there exists a fucntion f in M such that / ^ 0 in K\Z.
PROOF. Let P be the algebra of polynomials in z. Since M is of finite codimension and P is dense in Cn(K), P n M is dense in M. Applying Theorem 2.1, we obtain the result. REMARK 2.3. The proof above also applies to C°°(R), the Fréchet algebra of C°° functions on P. But by the polynomial lemma, it follows that if Z is the set of common zeroes of P allowing multiplicity, then Z is finite (possibly empty) and there exists p in P such that p(t) ± 0 on R \ Z. Q.E.D. 3 . Proof of Theorem 3.1 (see the introduction for the formulation). By Theorem 1 of Jarosz [5] , all functions in M have a common zero in X. Since M is of finite codimension and closed, there can only be finitely many common zeroes (say) Xi,x2,... ,Xfc. Also there exist finitely many Borel measures pj, 1 < j < I, of bounded variation on X such that / belongs to M if and only if f(xj) = 0 for 1 < j < k and / / dpj = 0 for 1 < j < I.
We may assume that \pj\(Z) = 0 for 1 < j < I where Z is the set of all zeroes of M. Let M = If € C(X); Í fdpj = 0 for 1 < j < l\ .
By Theorem 1 of [5] , either there exists an / in M such that / ^ 0 on X or all functions in M have a common zero xo-But such an xo would belong to Z and the Dirac measure 6Xo would belong to the linear span of pj, 1 < j < I. This is impossible since 6X, x in Z, and pj, 1 < j < I, are linearly independent.
Hence there exists an / in M such that / ^ 0 on X. Now let us choose fj so that fj(Z) = 0 and //¿ dpj = 5y, 1 < i,j < I. Choose 
